State-sum invariants for classical knots and knotted surfaces in 4-space are developed via the cohomology theory of quandles. Cohomology of quandles are computed to evaluate the invariants. Some twist spun torus knots are shown to be non-invertible using the invariants.
Introduction
The purpose of this paper is to present a summary of a series of papers 4, 6, 7] . It is based on the research announcement 5] but has been expanded to include recent developments.
A cohomology theory for racks (self-distributive groupoids, de ned below) was de ned and the general framework for de ning invariants of codimension 2 embeddedings was outlined in 14] and 15] from an algebrotopological view point. The present paper announces state-sum invariants, de ned diagrammatically using knot diagrams and quandle cocycles, for both classical knots in 3-space and knotted surfaces in 4-space. The invariant is used to give a proof that some 2-twist spun torus knots are noninvertible (not equivalent to the same knot with its orientation reversed). Details of proofs and computations can be found in 4] and 6].
This cocycle invariant can be seen as an analogue of the Dijkgraaf-Witten invariants for 3-manifolds 12] in that colorings and cocycles are used to de ne state-sum invariants. Our inspiration for the de nition of these invariants is found in Neuchl's paper 34] where related cocycles (in quantum doubles of nite groups) are used to show representations of a Hopf category form a braided monoidal 2-category. Our de nition was derived from an attempt to construct a 2-functor from the braided 2-category of knotted surfaces as summarized in 1] and presented in detail in 2], to another 2-category constructed from quandles.
The non-invertibility for certain classical knots had been presumed since the 1920's but proved rst by Trotter 41] , and subsequently by Kawauchi 31] and Hartley 19] (see also 30]). Fox 16] presented a non-invertible knotted sphere using Alexander modules which, however, fail to detect the non-invertibility of the 2-twist spin trefoil. D. Ruberman informed us that Levine pairings and Casson-Gordon invariants detect non-invertibility of some twist spun knots 20, 35] . Thus relations between these invariants and the state-sum invariants deserve investigation. Furthermore, since statesums can be used to de ne Jones polynomials 17] and their generalizations, and quandles encode fundamental group information, relations of the invariants de ned herein to both quantum and classical knot invariants are expected.
The paper is organized as follows. The cohomology theory of quandles is de ned in Section 2. In Section 3 the invariants are de ned. Summaries of computations of quandle cocycles for some quandles and evaluations of the invariants are presented in Section 4. Properties of the invariant and applications are presented in Section 5.
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A typical example of a quandle is a group X = G with n-fold conjugation as the quandle operation: a b = b ?n ab n . Racks and quandles have been studied in 3, 13, 18, 28, 32, 40] , for example. The axioms for a quandle correspond respectively to the Reidemeister moves of type I, II, and III (see also 13, 28] ). Indeed, knot diagrams were one of the motivations to de ne such an algebraic structure.
De nition 2.2 Let X be a rack or a quandle, and let G be an abelian group, written additively. Let C R n (X) be the free abelian group generated by n-tuples (x 1 ; : : : ; x n ) of elements of X. De 
The nth degeneration homology group and the nth degeneration cohomology group of a quandle X with coe cient group G are H
The nth quandle homology group and the nth quandle cohomology group 4] of a quandle X with coe cient group G are H Q n (X; A) = H n (C Q (X; G)); H n Q (X; A) = H n (C Q (X; G)):
(6) The cycle and boundary groups (resp. cocycle and coboundary groups) are denoted by Z W n (X; G) and B W n (X; G) (resp. Z n W (X; G) and B n W (X; G)), One such color is the color on the over-arc and is the second argument of the 2-cocycle. The other color should be chosen to be the color on the under-arc away from which the normal arrow points; this is the rst argument of the cocycle.
In Fig. 1 , the two possible oriented crossings are depicted. The left is a positive crossing, and the right is negative. Let denote a crossing, and C denote a coloring. When the colors of the segments are as indicated, the (Boltzmann) weights of the crossing, B( ; C) = (x; y) ( ) , are as shown where ( ) is the sign of the crossing. These weights are assignments of cocycle values to the colored crossings where the arguments are as de ned in the previous paragraph.
The partition function, or a state-sum, is the expression
The product is taken over all crossings of the given diagram, and the sum is taken over all possible colorings. The values of the partition function are taken to be in the group ring Z G] where G is the coe cient group.
Reidemeister moves are checked to prove Theorem 3.3 The partition function is invariant under Reidemeister moves, so that it de nes an invariant of knots and links. Thus it will be denoted by (K) (or (K) to specify the 2-cocycle used).
Proposition 3.4 If and 0 denote the state-sum invariants de ned from cohomologous cocycles and 0 , then = 0 (so that (K) = 0 (K) for any link K). In particular, the state-sum is equal to the number of colorings of a given knot diagram if the 2-cocycle used for the Boltzmann weight is a coboundary. When the surface is oriented, we take normal vectorsñ to the projection of the surface such that the triple (ṽ 1 ;ṽ 2 ;ñ) matches the orientaion of 3-space, where (ṽ 1 ;ṽ 2 ) de nes the orientation of the surface. Such normal vectors are de ned on the projection at all points other than the isolated branch points.
Cocycle invariants for knotted surfaces
De nition 3.5 A coloring on an oriented (broken) knotted surface diagram is a function C : R ! X, where X is a xed quandle and where R is the set of regions in the broken surface diagram, satisfying the following condition at the double point set.
At a double point curve, two coordinate planes intersect locally. One is the over-sheet r, the other is the under-sheet, and the under-sheet is broken into two components, say r 1 and r 2 . A normal of the over-sheet r points to one of the components, say r 2 . If C(r 1 ) = x 2 X, C(r) = y, then we require that C(r 2 ) = x y. De nition 3.7 A (Boltzmann) weight at a triple point, , is de ned as follows. Let R be the octant from which all normal vectors of the three sheets point outwards; let a coloring C with a nite quandle X be given.
Let p, q, r be colors of the bottom, middle, and top sheets respectively, that bound the region R. Let ( ) be the sign of the triple point, and be a quandle 3-cocycle in Z 3 (X; G). Then the Boltzman weight B( ; C) assigned to with respect to C is de ned to be (p; q; r) ( ) where p, q, r are colors described above. The situation is depicted in Fig. 3 We are interested in those fs in C n Q ; i.e. those homomorphisms that vanish on S = f(x 1 ; : : : ; x n ) 2 X n : x j = x j+1 for some jg. So we can write
We used these characteristic functions to compute cohomology groups. We turn now to examples.
De nition 4.1 13] A rack is called trivial if x y = x for any x; y.
The dihedral quandle R n of order n is the quandle consisting of re ections of the regular n-gon with the conjugation as operation. The dihedral group D 2n has a presentation hx; yjx 2 = 1 = y n ; xyx = y ?1 i where x is a re ection and y is a rotation of a regular n-gon. The set of re ections R n in this presentation is fa i = xy i : i = 0; ; n ? 1g where we use the subscripts from Z n in the following computations. The operation is a i a j = a ?1 j a i a j = xy j xy i xy j = xy j y ?i y j = a 2j?i :
Hence R n = Z n as a set, with quandle operation i j = 2j ? i (mod n). The invariants take the following values for tabulated knots through nine crossings.
Evaluating the invariants
4(1 + 3t) for 3 1 
Recall that the linking number of a 2-component classical link L = K 1 K 2 can be de ned by counting the crossing number with signs ( 1) where the component K 1 crosses over K 2 ( 39] , see also the preceding section). The set E x is called the equalizer of x; it is a subquandle of X. it has only one orbit. A quandle homomorphism f : X ! Y is said to be locally-homogeneous if each equalizer, E a is a homogenous quandle.
In 7], quandle homology groups are de ned, and are related to rack homology groups de ned in 14, 15] . Lower bounds of the Betti numbers of these groups were given in 7] using the orbit quandles.
